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1 Deligne ?????Mathur-Mukhi-Sen ??
Deligne ????????????? $\mathfrak{g}$ ??
$A_{1} \subset A_{2} \subset G_{2} \subset D_{4} \subset F_{4} \subset E_{6} \subset E_{7} \subset E_{8}$
$(h^{\vee}$ : 2 3 4 6 9 12 18 30 $)$
$(\dim \mathfrak{g}$ : 3 8 14 28 52 78 133 248 $)$
??? [D]. ?? Coxeter ? h????? $\dim \mathfrak{g}$ ??????????????????
?????????????????????????????????????????




????$\mathfrak{g}$ ? Deligne ?????????????$L(2\tilde{\alpha})$ ??$2\tilde{\alpha}$ ???????????
???????????$\tilde{\alpha}$ ???????????$h^{\vee}=2$ ???????$\dim \mathfrak{g}=3$ ????
??? $\mathfrak{g}=A_{1}$ ??????????$h^{\vee}=18$ ???????$\dim \mathfrak{g}=133$ ???????
$\mathfrak{g}=E_{7}$ ???????$h^{\vee}=30$ ???????$\dim \mathfrak{g}=248$ ??????? $\mathfrak{g}=E_{8}$ ???
????
?????????? $h^{\vee}=24$ ?????????????????$\dim \mathfrak{g}=190,$
$\dim L(2\tilde{\alpha})=15504$ ????????????????????????????????
???????????????????????????????????????
???Landsberg ?Manivel ?????????? $\mathfrak{g}=E_{7+1/2}=Comm_{E_{8}}(e^{\tilde{\alpha}})$ [LM1]
????????????????$e^{\overline{\alpha}}$ ??????????????????????
??????????
? 1926? 2014? 106-113 106
? 1: ( $(2$ ? \???????$h\geq 0$ ???????????
$Comm_{E_{8}}(e^{\overline{\alpha}})$ ??$E_{8}$ ???????????????????????????????






???? [KNS, KZ, MMS]. ????$\tau$ ??????????$E_{k}(\tau)$ ? Eisenstein ???$\mu$
??? (??????) ????Mathur, Mukhi ? Sen ???????????????
?????????? (Mathur-Mukhi-Sen ???MMS ??) 2??????????
??????????????????????? $\mu$ ?????????????????
????$q$ ???????????????????????? $\mu$ ??????2???
???????????????????????
? 1???????????????????????? (Wess-Zumino-Witten ??)
????????????????? $\mathfrak{g}$ ??????? WZW ????$\mathfrak{g}$ ???????
? 1???????????? $V=L_{1,0}(\mathfrak{g})$ ???????????????$V=L_{1,0}(\mathfrak{g})$
?????????? $\hat{\mathfrak{g}}$ ?????????????????????????? $V$ ?
$\mathbb{Z}_{+}$ ???????????????? 1??????????$\mathfrak{g}$ ??????????
????? 1?????$c$ ????????????????$V$ ????????????
???? $V$ ???????????????????????????????????
?????????????????? 1???? $\mathfrak{g}$ ??Deligne??????????
????????




????$c=38/5,$ $h=4/5,$ $q=e^{2\pi i\tau}$ ?????????????????????????
$(\tau)$ ??????? 190?????? $\mathfrak{g}=E_{7+1/2}$ ??? 190????????????
?????Verlinde ?????????????????????? $V$ ???????
??????????????
$V=\langle E_{7+1/2}\rangle_{v.a}. \subset L_{1,0}(E_{8})$
???? (??????) ????$\langle A\rangle_{v.a}$ . ??$A$ ?????????????????$A$
???????????????? $E_{7+1/2}$ ?????????$V$ ??????????
????????????????????????$V$ ???????????????
????????????????????????????$V$ ???????????
$L_{1,0}(E_{8})$ ??????????????????????? compatible ???????
??????????????????????????????? $c$ ????????
???
????????$V$ ?????? $c=38/5$ ?????????$V$ ??$V$ ???????
???????????????????????? (1) ??????????????
??????$h^{\vee}=24$ ??????$E_{7+1/2}$ ? Deligne ????????????????
$([T, Mat ???V ? L_{1,0}(E_{7+1/2})$ ????
???????????????????????????????????????
??????????????????????
2 ?????? $L_{1,0}(E_{7+1/2})$ ?????
$\alpha_{8}$
$\mathring{\alpha}_{1-\circ-0^{-\circ}}\lrcorner_{-\circ-\circ}$
$\alpha_{2} \alpha_{3} \alpha_{4} \alpha_{5} \alpha_{6} \alpha_{7}$
$\mathring{\tilde{\alpha}}$
? 1: $E_{8}$ ? Dynkin ?
$E_{8}$ ? $E_{8}$ ?????????: $E_{8}\cross E_{8}arrow \mathbb{Z}$ ????????? $\alpha_{1}$ , . . . , $\alpha_{8}$ ???
?????? (? 1??) ???$\tilde{\alpha}$ ??????????$\alpha_{2}$ , . . . , $\alpha_{8}$ ? $E_{7}$ ??????
????$\tilde{\alpha}$ ??? $A_{1}$ ?????????????????
108
simply-laced ??????????? $\mathfrak{g}$ ???????? 1???????????
? $L_{1,0}(\mathfrak{g})$ ??$\mathfrak{g}$ ?????? $Q$ ?????????????? $V_{Q}$ ?????????
?????$L_{1,0}(E_{8})$ ??????????????? $V_{E_{8}}$ ?????
??? $L_{1_{\}}0}(E_{7+1/2})$ ??????????????????????? [Kaw]
$W=\langle e^{\alpha_{1}},$
$e^{\pm\alpha_{2}}$ , . . . , $e^{\pm\alpha_{8}}\rangle_{v.a}\subset V_{E_{8}}$
??????? $W$ ?? $\langle e^{\alpha_{1}}\rangle_{v.a}$ . ?? $V_{E_{7}}$ ????????? $A_{1}=\mathbb{Z}\alpha_{1}$ ?????$\langle e^{\alpha}1\rangle_{v.a}.$
??????????? $V_{A_{1}}$ ?????? [SF, $P$ , MilP] ??????????????
????????????? $\langle e^{\alpha_{1}}\rangle_{v.a}$ . ? $V_{E_{7}}$ ?????????????????????
[Kaw] ?? $\langle e^{\alpha}1\rangle_{v.a}$.-?????? $W$ ??????????????????
$M=W$ $\cdot$ $e^{\alpha_{1}}\subset V_{E_{8}}$ (cyclic $W$-??) ?????$c=38/5,$ $h=4/5$ ????
?? 2.1. $W$ ??????
$Z(W, \tau):=tr_{W}q^{L_{0}-c/24}=q^{-c/24}\sum_{n=0}^{\infty}\dim W_{n}q^{n},$
$Z(1 I_{i}\Gamma, \tau):=tr_{M}q^{L_{0}-1+h-c/24}=q^{-c/24+h}\sum_{n=0}^{\infty}\dim M_{n+1}q^{n}.$
????$L_{0}$ ??$V_{E_{8}}$ ???)????? $L_{0}$ ???????????
???????????? $W$ ??????????????
?? 2.1.
$Z(W, \tau)=\sum_{k_{1}\geq 0,k_{2},..k_{8}\in \mathbb{Z}}.,\frac{q^{\underline{kE}}x_{2}^{\underline{k^{T}}}}{(q)_{k_{1}}}$ . $\frac{q^{-c/24}}{((q)_{\infty})^{7}},$
$Z(M, \tau)=\sum_{k_{1}\geq 1,k_{2},..k_{8}\in \mathbb{Z}}.,\frac{q^{\underline{kE}_{8^{\underline{k^{T}}}-1}}2}{(q)_{k_{1}-1}}\cdot\frac{q^{h-c/24}}{((q)_{\infty})^{7}}.$
????$E_{8}$ ? $E_{8}$ ?? Cartan ???$k=(k_{1}, \ldots, k_{8})$ .
$(q)_{k}$ ??$q$-Pochhammer ?? $(q)_{k}=(q;q)_{k}=(1-q)\cdots(1-q^{k})$ ???? $1/(q)_{k}$ ???
?????? $k$ ???????????????????? [A].
?????????
?? 2.1. ?? $z(W\tau)$ ? $Z(M, \tau)$ ???????????? (1) $(_{\mu=551}/900$ ) ???
????????
?????? $(V_{E_{7}} ???????????" ?????????? Z(W, \tau)$ ??????






$\mu\not\in E_{7}$ ????$2\mu\in E_{7}$ ??????$k_{1}$ ??????????????????????
????????????? $Z(W, \tau)$ ?????????
$Z(W, \tau)$
$=q^{-c/24}( \sum_{k_{1}\geq 0,even}\frac{q^{k^{2}/4}}{(q)_{k}}\cdot q^{7/24}\cdot Z(V_{E_{7}}, \tau)+\sum_{k_{1}\geq 1,odd}\frac{q^{k^{2}/4}}{(q)_{k}}\cdot q^{-3/4+7/24}\cdot Z(V_{E_{7}+\mu}, \tau))$ .
????$Z(V_{E_{7}}, \tau)$ ? $Z(V_{E_{7}+\mu}, \tau)\ovalbox{\tt\small REJECT} f$ , ????????? $V_{E_{7}}$ ????????????
???Fermionic ??? [KKMM] ????????????????? $c=-3/5$ Virasoro
????? $L(-3/5,0)=\mathcal{M}(3,5)$ ????????????????????
$Z(W, \tau)=Z(V_{E_{7}}, \tau)\cdot Z(L(-3/5, -1/20), \tau)+Z(V_{E_{7}+\mu}, \tau)\cdot Z(L(-3/5,1/5), \tau)$ . (2)
??????
$Z(M, \tau)=Z(V_{E_{7}}, \tau)\cdot Z(L(-3/5,3/4), \tau)+Z(V_{E_{7}+\mu}, \tau)\cdot Z(L(-3/5,0), \tau)$ . (3)
????$Z(L(-3/5, l), \tau)$ ??$\mathcal{M}(3,5)$ ???????? $l$ ??? $L(-3/5, l)$ ??????
$(l=0,3/4,1/5,-1/20)$ $V_{E_{7}}$ ? $\mathcal{M}(3,5)$ ??????????????????????
?????????? [Z]. $S$ ???????????? (cf.[W])
$(\begin{array}{l}Z(V_{E_{7}};-1/\tau)Z(V_{E_{7}+\mu};-1/\tau)\end{array})=\frac{1}{\sqrt{2}}\{\begin{array}{ll}1 11 -1\end{array}\} (\begin{array}{l}Z(V_{E_{7}};\tau)Z(V_{E_{7}+\mu};\tau)\end{array}),$
$(\begin{array}{ll}Z(L(-3/5,0) -1/\tau)Z(L(-3/5,3/4) -1/\tau)Z(L(-3/5,1/5) -1/\tau)-1/2Z(L(-30);/5 -l/\tau)\end{array})$
$= \sqrt{\frac{2}{5}}\{\begin{array}{llll}sin(2\pi/5) -sin(2\pi/5) -sin(\pi/5) sin(\pi/5)-sin(2\pi/5) -sin(2\pi/5) sin(\pi/5) sin(\pi/5)-sin(\pi/5) sin(\pi/5) -sin(2\pi/5) sin(2\pi/5)sin(\pi/5) sin(\pi/5) sin(2\pi/5) sin(2\pi/5)\end{array}\}$




$=Z(V_{E_{7}}, -1/\tau)\cdot Z(L(-3/5, -1/20), -1/\tau)$
$+Z(V_{E_{7}+\mu}, -1/\tau)\cdot Z(L(-3/5,1/5), -1/\tau)$





$= \frac{2}{\sqrt{5}}(\sin(2\pi/5)Z(W, \tau)+\sin(\pi/5)Z(M, \tau))$ .
????$g_{1}(\tau)=Z(V_{E_{7}}, \tau)$ , $g_{2}(\tau)=Z(V_{E_{7}+\mu}, \tau)$ , $h_{1}(\tau)=Z(L(-3/5,0), \tau)$ , $h_{2}(\tau)=$
$Z(L(-3/5,3/4), \tau)$ , $h_{3}(\tau)=Z(L(-3/5,1/5), \tau)$ , $h_{4}(\tau)=Z(L(-3/5, -1/20), \tau)$ . ??
????
$Z(M, -1/ \tau)=\frac{2}{\sqrt{5}}(\sin(\pi/5)Z(W, \tau)-\sin(2\pi/5)Z(M, \tau))$ .
????$Z(W, \tau)$ ? $Z(M, \tau)$ ??????? $K$ ??$S$ ???????????????
??? $T$ ????? $K$ ??????????????????????????$K$ ?









$W$ ? $n$ ???????????????????????????????? [Kaw2]
??????????????Zhu ??? [Z] ???????????????????
??????????????????????Deligne??????????????
Vogel ?????? [V] ??? [LM2]. Vogel ??????Mkrtchyan ? Veselov ????
111
Chern-Simons ???????????????????????????Deligne ???
?????????????????????????????????? [Mat, $H,$ $T$].
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